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Research area in general

In statistical mechanics there are two main categories of systems with interesting “out-of-equilibrium”
properties. One one hand we can find stationary non-equilibrium systems: these are all the systems
which are kept in a stationary state different from equilibrium by an external driving. This can be a
mechanism which continuously provides energy to the system and dissipate the amount in excess, or
either a mechanism which favors a continuous flux of matter across the system, like the coupling to
reservoirs with different chemical potentials. In this situation a system is said to be out-of-equilibrium
because the connection between the microscopic interactions and the macroscopic properties cannot
be provided by the Boltzmann statistics, due to the presence of fluxes. The main challenge in the
study of driven out-of-equilibrium system is to find out a theoretical scheme which remains general
with respect to the several specific mechanisms by which energy or matter can be fed to and taken
away from the system.
Another class of systems where interesting out-of-equilibrium phenomena take place are glassy
systems. Usually in glasses there are no net fluxes between the system and the environment: the
Boltzmann statistics is valid. Nevertheless, due to a multivalley “complex” energy landscape, the
study of the thermodynamic and dynamic properties of these systems still attract a lot of interest.
When suddenly cooled to low temperatures glass-forming materials typically fall “out-of-equilibrium”
in the sense that the typical time-scale to reach a stationary state becomes much larger than any
available experimental time: macroscopic observables like the temperature of the system become timedependent. The study of glasses is challenging because the properties of their low temperature phase
are still under debate: is the dramatic slowing down experienced by these systems due to an underlying phase transition? The access to the low temperature glass phase is particularly hard (practically
impossible) due to the exponential increase of relaxation time: this is one of the reasons why the
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investigation of the equilibrium properties within the glass phase is still so challenging.

2
2.1

Out-of-equilibrium statistical mechanics
The fluctuating hydrodynamics of granular fluids

Granular fluids are athermal systems made of mesoscopic beads interacting through inelastic collisions.
This kind of systems can be maintained in a fluidized stationary state if some energy injection mechanism is provided, in order to compensate the energy loss due to inelastic collisions. The prototype for
granular fluids in numerical calculations and theoretical studies is represented by assemblies of hard
spheres which experience mutual inelastic collisions and are kept in a stationary state with random
kicks (which can be modeled as a white noise). During the last twenty years, due to a microscopic
dynamics which intrinsically breaks the detailed balance (inelastic collisions), granular gases have been
a playground for many non-equilibrium statistical mechanics theories. As soon as detailed balance is
broken the universal description in terms of the Boltzmann weight comes down and the behaviour
of the granular assembly becomes strongly dependent on the energy injection mechanism. Granular
fluids are from this point of view a very nice example of the striking difference between equilibrium
fluids and out-of-equilibrium active ones. As clearly shown in [1], scale free correlations can be found
in out-of-equilibrium systems, in particular in granular fluids, without any need of the special cooperative phenomena that at equilibrium arise only close to critical points. An intriguing point is that in
a granular gas the range of correlations depends on the energy injection mechanism exploited to keep
the system in a stationary state, as I will explain later on. Within the group of Angelo Vulpiani and
Andrea Puglisi in Rome, where I spent the period of my first post-doc (Dec 2009 - Nov 2012), one of
the main research themes is the study of the role played by the special out-of-equilibrium correlation
present in granular fluids in phenomena like violations of the standard fluctuation-dissipation relation.
For what concern the violations of the fluctuation-dissipation relation in granular fluids, in [2] it has
been shown that a point of view alternative to the standard description of aging glass formers is possible. Whereas in glasses the violations of the fluctuation-dissipation relation are usually parametrized
with the effective temperature Tef f , in granular systems it has been shown that the integrated response
function χ(t) can be written, without any
P need of an additional effective temperature, as a linear combination of several correlators χ(t) = µ αµ Cµ (t), which take into account the new correlations that
arise between the degrees of freedom of the system in the out-of-equilibrium regime. In the context
of dense granular fluids the most important contribution to violations of the fluctuation-dissipation
relation comes from equal-time correlations between velocities of the particles, which are absent at
equilibrium.
The most important contribution that I gave to the group on the study of granular fluids has been
a deep investigation on the correlations between particles velocities in the dense regime. In order to
study the extent of correlations between particles velocities it is convenient to leave the single particle
description in favour of a continuum theory of coarse grained variables, namely temperature, density
and velocity fields, which are coupled by the hydrodynamics equations of the model [3, 4, 5]. In this
context I realized that the theoretical analysis of [1] was easily adaptable to the model for granular
fluids introduced in in [6, 7] by the group of Rome. In the model of [6, 7], which is a monodisperse
assembly of 2D disks, between the inelastic collisions the dynamics of each disk is subject to a standard
Langevin equation v̇i (t) = −γvi (t) + ξi (t), where the friction is related to the noise amplitude by the
Einstein relation, hξ 2 (t)i = 2Tb γb . This was done at variance with the previous standard way to model
granular fluids [1], in which the viscous drag was taken equal to zero in the Langevin equation for the
dynamics between collisions. The difference is that in [6, 7] the limit of elastic collisions is well defined, because there the single particle energy relaxes to the thermostat temperature Tb , whereas in the
model of [1] the single particle energy grows to infinity when the inelasticity of collisions is switched off.
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The stability analysis of the linearized hydrodynamics equations of our model showed that there
is no instability arising in the packing fraction regime we investigated (namely for packing fraction φ
in the interval [0.1 : 0.5]) [3]. In this interval of packing fractions we also checked the separation between the characteristic times for the evolution of hydrodynamic fields and the microscopic timescale.
The conclusion was that the analysis of velocity correlations could be consistently carried on using
the linearized hydrodynamic equations plus appropriate noise terms, namely the linearized fluctuating
hydrodynamic theory. The most relevant outcome of my theoretical and numerical investigation in
this field has been the finding that the correlation of the velocity field, differently from [1] where it
is found scale free, decays exponentially with the distance, hv(x)v(y)i ∼ exp(−ξ|x − y|) and has an
amplitude proportional to the difference Tb − Tg of the two “temperatures” appearing in the equations:
the temperature of the thermostat Tb and the granular “temperature” Tg , defined as the average kinetic energy of the granular beads [4]. The existence of equal-time spatial correlations in the velocity
field is a genuine non-equilibrium effect: as soon as the collisions become elastic and Tb − Tg = 0, the
amplitude of such correlations go to zero. A summary of our results is presented in [4]. All the details
of the theoretical analysis are reported in [3]. The analysis of velocity correlations in a 2D fluidized
granular medium by means of linearized fluctuating hydrodynamics was good enough to well capture
the results of numerical simulations, and also of experiments coming from the lab. of A. Puglisi, with
results which are thoroughly discussed in [5].
In the granular fluid model introduced in [6, 7], we have found that if one measures the correlation
length of the velocity field ξ(φ) at different packing fractions, and rescales it at every value of φ with
the appropriate microscopic unit length scale, i.e. the mean free path λ0 (φ), then finds that ξ/λ0
increases as the packing fraction is increased from φ = 0.1 to φ = 0.5 [3, 4, 5]. It is worthing to notice
that is possible to observe this increasing extent of correlation in the velocity field for increasing values
of the packing fraction only when the granular gas is coupled to the thermostat introduced in [6, 7].
The same phenomenon could not be observed with the energy injection mechanism of [1]: in this case
the correlations have always infinite range at different packing fractions.

2.2

Ratchet effect in an aging glass

Just after the starting of my post-doc in Rome in fall 2009, I took advantage of the experience gained
during my Ph.D. on the simulation of glass forming liquids to realize a study in collaboration with
A. Puglisi on the realization of the “ratchet” effect in the aging dynamics of a glass former [8]. The
“ratchet” effect is well know in the realm of non-equilibrium statistical mechanics [9], and is represented
by the rectification of non-equilibrium fluctuations to produce work. There are two very simple but
essential ingredients to obtain a ratchet motor [9], which, is worthing to be stressed, is realized without
any need of an external driving: the breaking of some kind of spatial symmetry and irreversibility,
namely the breaking of detailed balance in the microscopic dynamics. By means of an asymmetric
intruder diffusing in an aging glass-formers, we were able to realize the ratchet effect mentioned above,
namely to observe a directed motion of the intruder without applying any external force. One of the
most striking results presented in [8] is that the the speed of the out-of-equilibrium directed motion
of the asymmetric intruder grows in intensity accordingly to the distance from equilibrium of the
aging host fluid. In the aging regime, in order to “measure” the distance from equilibration, it is
usually defined from violations of the fluctuation-dissipation ratio the “effective” temperature Tef f of
slow modes [10], which is higher than the temperature T of the thermostat coupled to the system.
The “distance” from equilibrium is then defined through the ratio X = T /Tef f < 1, which tends to
1 when the system reaches equilibrium. We found that the speed of the out-of-equilibrium drift of
the asymmetric intruder grows with X −1 = Tef f /T , namely the ratchet effect is the more enhanced
the more the system is far from equilibrium. This experience has been in my opinion a remarkable example of how ideas well known for stationary out-of-equilibrium systems, like the method to
rectify irreversible fluctuations, can be successfully applied to the aging regime of glass-forming liquids.
3

2.3

Anomalous diffusion

One of the simplest examples of fluctuation-dissipation relations is the Einstein relation. According
to the Einstein relation the mean square displacement hx2 (t)i of a colloidal particle diffusing in an
equilibrium fluid is proportional to its average displacement hx(t)iF when pulled with the external
force F , namely one has hx2 (t)i/hx(t)iF = 2/(βF ). Since one knows also that hx2 (t)i = 2Dt and
hx(t)iF = F µt, with µ the mobility and D the diffusion coefficient, the Einstein relation reads out also
as relation between the mobility and the diffusion coefficient, µ = βD. The physical content of the Einstein relation is that one can obtain information on the structure of the host fluid, which are encoded
in D, from the response of the system to an external perturbation, i.e. from the mobility µ of a probe
pulled with an external force. The validity of Einstein relation is therefore very important for any microrheological study of materials where the physical properties of the host medium are extracted from
the transport properties of a probe. A landmark of Fickian diffusion is that not only the unperturbed
fluctuations of the probe, but also the fluctuations around the average drift, obey to a generalized
Einstein relation, namely one has h[x(t) − hx(t)iF ]2 i = h[δx(t)]2 iF = 2Dt. Let me refer to the unbiased mean square displacement of the probe hx2 (t)i as to “equilibrium fluctuations” and to the mean
square displacement around the drift in presence of an external force h[δx(t)]2 iF as “out-of-equilibrium”
fluctuations. It is well know from the literature that for Continuous Time Random Walks (CTRW)
the Einstein relation is not spoiled from the presence of anomalous dynamics [11, 12]. Even when
hx2 (t)i ∼ t2ν , with either ν < 1/2 (subdiffusion), or ν > 1/2 (superdiffusion), for a small applied external field the average drift is in any case proportional to the unbiased fluctuations: hx2 (t)i ∼ hx(t)iF .
When I started to work on the subject of anomalous diffusion in collaboration with A. Vulpiani
in Rome, the status of out-of-equilibrium fluctuations in Continuous Time Random Walks was still
scarcely investigated. Vulpiani brought the attention of the group to the following question: “What
happens to out-of-equilibrium fluctuations in presence of anomalous dynamics?”, “Do such fluctuations
still obey a generalized Einstein relation as in the case of Fickian diffusion?” . While my first step in
this kind of problems has been study of the out-of-equilibrium fluctuations for the driven subdiffusive
dynamics in some one-dimensional models [13], I gave my major contribution in the three related papers
[14, 15, 16]: in [14] suggesting the model and doing both simulations and analytical calculations, in [15,
16] just taking care of the simulations. All of the four papers [13, 14, 15, 16] were devoted to understand
the strongly nonlinear interplay between the action of an external forcing and the distribution PF (x, t)
of displacements in the driven anomalous dynamics. The two main results obtained in this series of
papers are:
- In the case of anomalous dynamics, either subdiffusive ν < 1/2 or superdiffusive ν > 1/2,
the generalized Einstein relation does not hold for the out-of-equilibrium fluctuations, namely
h[δx(t)]2 iF 6= hx(t)iF .
- In [15, 16] we presented formulas on a general scaling function for the probability of displacements PF (x, t) in presence of the force F in the case of both subdiffusive and superdiffusive. In
particular we studied a Continuous Time Random Walk (CTRW) model with trapping, which is
subdiffusive, and the Levy Walk model, which is superdiffusive.
Within the investigation of the CTRW with trapping I came across a special effect: there are situation where both the unbiased mean square displacement hx2 (t)i and the drift hx(t)i are linear in time,
but the out-of-equilibrium fluctuations h[δx(t)]2 iF are superdiffusive. Such a phenomenon received
some attention in the recent literature, where it has been found in simulations of viscous liquids close
to the glass transition [17] and for a probe particle moving in a crowded environment [18]. Motivated
by my interest towards both glass-forming systems and anomalous dynamics, I recently investigated
in collaboration with E. Bertin and G.Biroli the anomalous diffusion of a probe particle in a couple of
4

different Kinetically Constrained Models (KCM). We considered the Fredrickson-Andersen model [19]
and the Bertin-Bouchaud-Lequeux model [20]. In this study [21] we find evidence of the same fieldinduced superdiffusion phenomenon of [18] and we explain why such a mechanism is expected to be
a typical one in systems with several and broadly distributed time and length scales. In this forthcoming paper [21] we are also able to provide a clear and intuitive physical explanation of the velocity
anomaly observed in [22], which we also find, in terms of the population splitting phenomenon recently
investigated in [23, 24].

2.4

The stochastic Lorentz Gas: Large Deviations and Fluctuation Theorem

In the papers [25, 26], realized in collaboration with prof U. Bettolo (Camerino), A. Puglisi (Rome)
and prof. H. Touchette (Stellenbosch), I introduced and studied in detail a toy model for granular
gases which we called the stochastic Lorentz gas. From the literature a Lorentz gas is know as an
ideal gas of point particles which move in the two-dimensional plane colliding elastically with extended
obstacles randomly displaced [27]. We attached to our model the adjective “stochastic” because we
replaced the immobile obstacles with scatterers of finite mass M and velocities drawn from a Gaussian
probability distribution P (V ). The collisions between a gas particle and the scatterers are assumed to
be a Poisson process, in addition there is a constant force F uniformly accelerating the gas particles
between collisions. In practice our model is represented by a particle uniformly accelerated in one
dimension and which, at time intervals distributed exponentially, due to an inelastic collision with a
scatterer attains a new velocity v 0 = f (v, V ), where f (v, V ) is a function indicating the collision rule.
F 2
τ , with τ
Due to the constant force F the displacement δx between two collisions is δx = v 0 τ + 2m
the time lag between the two collisions and m the mass of the particle. Although very simplistic, the
gas particle moves back and forth on a line where scatterers appear just at the moment of collision
and then “disappear”, such a model is an interesting mixture of stochastic and deterministic ingredients [25, 26]. Due to the energy loss from inelastic collisions and the energy gain from the acceleration
induced by the force F the gas particles are in stationary non-equilibrium state. For a given choice
of the parameters the Boltzmann equation for the velocity probability distribution of the gas particles
can be solved exactly (is linear) and the properties of the system determined with great accuracy. For
the same choice of parameters exact results are available also for the probability distribution P (σ)
of the entropy production rate σ: in this situation the interplay between the Fluctuation Relation
and other physical properties of the system can be discussed with remarkable precision. If a Large
Deviation principle holds for a trajectory of the gas particle which spans a very large time interval t,
then the probability distribution of the entropy production rate along this trajectory can be written
as P (σ) = e−tI(σ)+o(t) , were the function I(σ) is called rate function. Usually, one first computes I(σ)
and then determines whether the Fluctuation Relation holds or not by looking at the properties of
I(σ). A sufficient condition for the Fluctuation Relation to hold is the presence of the following symmetry in the rate function: I(−σ) − I(σ) = −σ. For the probability distribution P (σ) of the stochastic
Lorentz gas things happens in the other way around. The main result of [26] is to show from a rigorous
calculation of I(σ) that while the Fluctuation Relation holds for all the values of σ, the rate function
I(σ) can be defined only in a finite domain symmetric with respect to zero, namely for σ ∈ [−σ ∗ , σ ∗ ].
Trying to compute P (σ) outside the domain where it can be obtained from a Large Deviations principle, I started recently a collaboration with Satya N. Majumdar which lead us in a quite short time
to the proof that the two points −σ ∗ and σ ∗ are two “critical” points where a phenomenon called
“condensation of fluctuations” takes place [28]. The term “condensation of fluctuations” is the name
attached to situations where in the sum of a large number of random variables almost all the value
of the sum is contributed in a non-democratic way by only one of the variables: such a phenomenon
has been thoroughly investigated in the mass transport model known as the Zero Range Process [29, 30].
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2.5

The spring-block model: Edwards thermodynamics

Since I have started to work at LIPhy in Grenoble (December 2014), my work in collaboration with
E. Bertin and J.-L. Barrat has been focused on a model with dissipative dynamics but which can be
described with the tools of equilibrium statistical mechanics. This is the spring-block model discussed
in my last paper [31]. The spring-block model is a chain of blocks connected by springs and which slide
on the horizontal plane. The blocks, when sliding, are subjected to dry friction: they experience a
force fi = −µd mg sgn(ẋi ) which is always opposed to motion, with µd the dynamic friction coefficient
and mg the weight of the block. When a block comes to rest it remains stuck at his position due to the
dry friction constraint until the modulus of the force exerted on it exceeds the value mgµs , where µs is
the static friction coefficient. If there is no input of energy the spring-block chain, due to dissipation,
reaches a mechanically stable configuration where each block is at rest: in such a configuration the
force exerted by the springs on each block is smaller than the static friction. This mechanically stable
configuration can be also regarded as an absorbing state because, in absence of any external input of
energy, the system can never escape this state. By providing periodically an input of energy is possible
to make the system jump from one absorbing state to another. The big conceptual question which
motivated my work on the spring-block model is the following: is it possible to describe the properties
of absorbing states with the tools of statistical mechanics? Since a similar question had been already
addressed by Edwards [32, 33, 34, 35] I tried to follow his recipe to compute the partition function Z
for the absorbing states of the spring-block model. In the Edwards theory there is not first principle
behind the assumption which allows to compute Z: theoretical results needs therefore to be compared
with molecular dynamics simulations where the absorbing states are sampled by means of a realistic
dissipative dynamics. What is worthing to be noticed is that in the simulations we did not used any
thermostat or noise: the spring block-model is a driven athermal system. According to the Edwards
idea the probability of an absorbing state is provided by the pseudo-Boltzmann factor e−βEd E(C) F(C),
where E(C) is the energy of the absorbing state, F(C) the function which enforces the mechanical
stability constraint and βEd the inverse of an effective temperature, which in this case is called the
Edwards temperature. What is interesting is that the temperature TEd appears only in the effective
theory and not in the real dynamics of the model: the strong assumption of the Edwards approach
is that the probability to sample a given absorbing state depends just on his energy and not on the
dissipative dynamics used to visit phase space.
In collaboration with E. Ferrero I wrote the code for the molecular dynamics simulations of the model,
and I personally took care of doing the simulations and the analytical calculations. I really enjoyed the
work on the spring-block model because it was not only focused on a challenging conceptual question,
but also gave me the chance to become practical of calculations with transfer matrix techniques for
1D systems.
The study of the spring-block model turned out to be quite successful, because we found a very good
agreement between numerical calculations and the exact solution of the theory, which shows the existence of an infinite effective-temperature critical point. We found indeed that correlations diverge
when TEd → ∞, quite at odd with what happens in ordinary thermal systems, where usually at infinite
temperature all the correlations decay on very short distances.
The assumption that absorbing states with the same energy are sampled with the same probability,
even if successful in the case just mentioned [31], is not expected to be generally true. For this reason I
am investigating at present, still in collaboration with E. Bertin and J.-L. Barrat, what happens to the
Edwards effective thermodynamics of the spring-block model if there are two sources of dissipation:
not only dry friction but also viscous friction [36]. We are interested in understanding whether the
hypothesis of the Edwards theory are robust with respect to different mechanisms to dissipate energy.
The study of the spring-block model with the tool of Edwards effective thermodynamics is really a
promising and rich research line: the possibility to take advantage of equilibrium statistical mechanics
tools to study an out-of-equilibrium system would be extremely powerful.
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3
3.1

Amorphous order in supercooled liquids and the glass transition
Amorphous surface tension and confined supercooled liquids

One among the most puzzling features of supercooled liquids is that no evident signature of long-range
order can be found in proximity of the empirical glass transition temperature Tg , while on the contrary
in a narrow interval of temperatures above Tg the relaxation time grows of orders of magnitude. A
common opinion in the community of glasses is that amorphous order is indeed present, but needs
special correlation functions to be detected. Simple two-points correlation functions like the pair
correlation function of simple liquids are not enough to detect it: amorphous order can be detected
only using multipoint correlation functions, like the point-to-set correlation function [37, 38, 39, 40, 41].
In the very essence, the scenario to understand the existence of a characteristic length for amorphous order in supercooled liquids is based on the mean-field picture of the glass transition. According
to the mean-field picture the supercooled liquid phase is characterized by an exponential number of
amorphous configurations with the same free-energy and separated by barriers which grow as the
temperature is lowered. If we take as initial condition one of these configurations, after a while and
due to thermal fluctuations, a droplet of a new one appears. The nucleation of the new phase is
favoured by an entropic gain σc R3 T , where R3 is the volume of the droplet and σc the configurational entropy (which measures the exponential number of available states), and opposed by a surface
cost ΥRθ , where Υ is the so-called amorphous surface tension, while θ is an exponent related to the
shape of the interface. The nucleation of the new amorphous phase takes place at the critical length
`P S ∼ [Υ/(T σc )]1/(3−θ) where the two contributions balance: `P S is the so-called point-to-set length
scale and can be measured via the point-to-set correlation function [38, 39]. Since in the mean-field
scenario σc vanishes at the ideal glass transition, then `P S is expected to diverge at the glass transition.
During my Ph.D. I worked under the supervision of P. Verrocchio in joint collaboration with A.
Cavagna, T. S. Grigera and C. Cammarota. The purpose of my work was to provide some numerical
evidence of the ingredients playing a key role in the “phenomenological” Random First-Order Transition (RFOT) theory [37], which is an adaptation of the standard mean-field scenario for the glass
transition [54] to realistic glass formers. The work of my Ph.D. was focused on atomistic simulations
(Molecular Dynamics, Monte Carlo algorithms, Conjugate Gradient minimization in a multivalley
landscape) of a model glass-former, the binary mixture of soft spheres introduced by Grigera and
Parisi in [42]. The main result of this collaboration has been the first numerical evidence of the existence of amorphous surface tension Υ between amorphous states [43, 44].
It was during my first post-doc (Rome, 2010-2012), at a time when I was already working mostly
on out-of-equilibrium statistical mechanics in collaboration with Andrea Puglisi, that I was able to
complete a more refined numerical study on the amorphous surface tension, along with the co-direction
(together with A. Cavagna) of the master thesis of Roberto Trozzo on the same argument. By creating
and adding the appropriate routines to the C++ object oriented code of T. Grigera (which now is
open source [45]), I studied numerically the behaviour of the soft-sphere binary mixture under confinement in a slab geometry. By means of appropriate amorphous boundary conditions [41] the numerical
simulations in the slab geometry yielded three main results [41]: 1) allowed us to put on firmer basis
the evidence of the amorphous surface tension found in [43, 44]; 2) provided us the evidence that in a
supercooled liquids there are two lengths which are playing a role, the point-to-set correlation length
and the penetration length; 3) confirmed for a different geometry (the slab geometry) the findings
of [39] for the behaviour of the point-to-set correlation function measured in the spherical cavity.
After several numerical papers on the behaviour of supercooled liquids I switched to a more theoretical approach when I worked in Saclay with Giulio Biroli (first year of post-doc in France, 2013).
Even though the typical length of amorphous order in glass-forming system, `P S , had been previously
7

studied only by means of amorphous boundary conditions [37, 39, 40, 50], we were convinced that the
ordering of a supercooled liquid on small legthscales is a general phenomenon, independent from the
kind of boundary conditions. Because of that, we decided to work on the analytical model proposed
in [50], showing that even completely structureless random boundaries are able to trigger the formation
of a glass phase in a small spherical cavity [51]: the formation of the glass is solely due to the effect
of confinement. According to that we discussed the possible numerical/experimental difficulties in detecting the glass phase induced with random boundary conditions. Summarizing, the final important
conclusion of [51] is that the result obtained for the first time with amorphous boundary conditions
(which are rather special), namely that confinement induces the formation of a glass phase, can be
generalized to any kind of boundary conditions.

3.2

Dynamical Heterogeneities and the thermodynamics of glasses

One of the distinguishing features of the dynamics in glass-forming liquids is its heterogeneous character: highly immobile regions where the system is frozen in the same amorphous state for a long
duration of time coexist with mobile regions where cooperative rearrangements take place. These
dynamical heterogeneities can be detected with the so-called four-point correlation function g4 (|r|, t),
which was introduced for the first time in [52] and provides information on how much correlated are
local rearrangements of the fluid separated by a time lag t and taking place at different positions in
the sample. The question which motivated my collaboration also with G. Parisi [53] at the end of
my Ph.D. was the following: “Which is the relation between dynamical heterogeneities, which are a
finite-dimensional phenomenon, and the mean-field scenario of the Random First-Order Transition for
glasses?”. I spent one month in Argentina (Feb 2009) to achieve familiarity with the object oriented
C++ code wrote by T.S. Grigera [45] for the Monte Carlo simulations needed for this project.
According to the mean-field scenario of [54] the most important quantity to characterize the glasstransition is the free energy cost V (q) to keep two copies of a supercooled liquid, while they are
evolving in time according to two independent stochastic dynamics, at a fixed overlap q, namely at
a fixed distance in the phase space. The potential V (q) is the analog for the glass transition of the
potential part of Landau free-energy for a phase-transition. When looking at the shape of V (q) at
different temperatures, the scenario is identical to the one of a first-order phase transition, with the
difference that in the present case the order parameter is q. In the liquid state (high temperature)
V (q) has a single “paramagnetic” minimum at q0 = 0: two initial conditions evolving with a different dynamics decorrelate within microscopic times. By lowering the temperature one finds that the
supercooled liquid state is related to the birth of a secondary metastable minimum of V (q) in correspondence of a high value of the overlap, q1 ∼ 1: the two initial conditions evolving with a different
dynamics remains correlated on macroscopic time-scales. When the temperature is lowered further
the secondary minimum at q1 become stable: this is the glass transition where ergodicity is broken.
In [53] we measured for the first time the thermodynamic potential V (q) from the atomistic simulations of a model glass-forming liquid in three spatial dimensions (the binary mixture of soft spheres
introduced by T. Grigera and G. Parisi [42]) finding some clear evidence that the potential V (q) behaves upon changing the temperature as expected from the mean-field scenario [54]. My contribution
to that paper was in updating the code of T. Grigera for the new simulations and doing the whole
analysis on the dynamical heterogeneities in terms of the dynamical structure factor S4 (k, t), i.e. the
Fourier transform of the four-point function. It was from this analysis that we get the evidence of the
phase-separation between immobile (high q) and mobile (low q) regions accompanying the first-order
like behaviour of V (q) [53].
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3.3

Phase transitions in plaquette models for glasses

The biggest challenge ever related to the problem of the glass transition is to find a system in finite
spatial dimensions and with finite range interaction for which the mean-field scenario of the RandomFirst Order Theory is verified. For what concern finite-dimensional models a lot of attention has been
attracted by Kinetically Constrained Models (KCM) [55]: these are models with a glassy dynamics but
where the thermodynamics is trivial, i.e. there are no transitions at finite temperature. Is the scenario
proposed by KCMs, where just the dynamics is important, alternative to that of RFOT theory or it is
just a complementary description of the same kind of phenomenology? Motivated by this question I
worked with Silvio Franz on a two-dimensional lattice spin model known as the Triangular Plaquette
Model (TPM), one of the paradigmatic models among KCM [57, 58]. We investigating which kind of
perturbations of the Hamiltonian are able to induce a phase-transition in the otherwise trivial thermodynamics of the TPM. For this work on the TPM [56], about which we already received some very
good reports from PRE, I wrote the code for the numerical simulations at finite temperature of the
model in D=2 using the rejection free Bortz-Kalos-Lebowitz Monte Carlo algorithm, which is needed to
equilibrate the system at low temperature. I also computed the phase-diagram of the TPM by means
of the cavity method: within this approximation the two-dimensional geometry of the model is replaced by the Bethe lattice, namely a locally tree-like geometry where the only loops in the interaction
network are of order log(N ). Such structure of the network allows the implementation of a generalized
transfer matrix approach, named the cavity approach, by means of which the thermodynamics of the
model can be exactly solved. What is surprising of the TPM is the high quality of the predictions on
the Bethe lattice, which can be appreciated comparing our results [56] with other very recent works
on the same model [59, 60, 61, 62] . I also studied the thermodynamics of the TPM from the point
of view of constraint satisfaction problems, using some information theoretical tools already applied
with success to the study of systems with a glassy thermodynamics in [63]. From the recent renewed
interest on plaquette models [59, 60, 61, 62] in the glassy community, it really looks like that the work
that I realized in collaboration with Silvio Franz and co-supervising his master student Stefano Spigler
will have some importance in the next years.
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