
Brownian Ratchet in a Thermal Bath Driven by Coulomb Friction

Andrea Gnoli

Istituto dei Sistemi Complessi-CNR, via del Fosso del Cavaliere 100, 00133 Rome, Italy and Istituto dei Sistemi Complessi-CNR and
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The rectification of unbiased fluctuations, also known as the ratchet effect, is normally obtained under

statistical nonequilibrium conditions. Here we propose a new ratchet mechanism where a thermal bath

solicits the random rotation of an asymmetric wheel, which is also subject to Coulomb friction due to

solid-on-solid contacts. Numerical simulations and analytical calculations demonstrate a net drift induced

by friction. If the thermal bath is replaced by a granular gas, the well-known granular ratchet effect also

intervenes, becoming dominant at high collision rates. For our chosen wheel shape the granular effect acts

in the opposite direction with respect to the friction-induced torque, resulting in the inversion of the

ratchet direction as the collision rate increases. We have realized a new granular ratchet experiment where

both these ratchet effects are observed, as well as the predicted inversion at their crossover. Our discovery

paves the way to the realization of micro and submicrometer Brownian motors in an equilibrium fluid,

based purely upon nanofriction.
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From microscopic organisms to muscle fibers, from
electric motors to power stations, the biosphere, our soci-
ety, and our lives critically depend on the conversion of
energy to mechanical work. Thermodynamics provides
precise and well-established rules for energy conversion
in macroscopic systems but these rules become blurred at
small scales when thermal fluctuations play a decisive role
[1]. Extracting work under such conditions requires subtle
strategies radically different from those effective in the
macroscopic world [2–7]. Within this framework, the the-
ory of Brownian motors deals with the rectification of
thermal fluctuations, a goal which can only be achieved
in the presence of dissipation [8–13]. An interesting class
of systems, where both dissipation and fluctuations are
relevant, is represented by granular media [14,15].
Indeed, interactions in a granular system are inherently
dissipative, and because of its small number of constituents
when compared with molecular gases or liquids, a granular
fluid presents large fluctuations. The additional break of
spatial symmetry is sufficient for a motor effect to be
generated as demonstrated in a series of experiments
[16–19] and theoretical works [20–25].

In previous work the main source of dissipation was
provided by the inelasticity of collisions, a property nor-
mally not present at micro or nanometric scales. The
remarkable result of our study is a new minimal model
for a motor where energy is extracted from an equilibrium
bath and dissipated only through Coulomb friction [26].

Friction is therefore demonstrated to be an unexpectedly
efficient source of dissipation that is able to rectify
unbiased fluctuations also in the case of fully elastic colli-
sions. Such a model can therefore be exploited in micro
and nano apparatuses where friction is still present [27].
Our model, described pictorially in Fig. 1(a), consists of

a wheel of mass M and moment of inertia I, rotating with
angular velocity! around a fixed axis (say ẑ). The wheel is
immersed in an equilibrium fluid and collides with the
molecules of mass m, and is subject to a viscous drag
��visc! and, most importantly, to a Coulomb friction
torque �Ffriction�ð!Þ [where �ðxÞ is the sign function],
due to solid-on-solid contacts within its support, e.g., a

FIG. 1 (color online). (a) Sketch of the model, front view.
(b) Top view, with explanation of quantities used in the text
for a generic-shaped rotator. (c) Top view, with specific shapes
used in the simulations and in the experiment.
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spherical bearing. The equation of motion for the angular
velocity !ðtÞ of the wheel, therefore, reads

_!ðtÞ ¼ ��a!ðtÞ � �½!ðtÞ��þ �collðtÞ; (1)

where �a ¼ �visc=I, � ¼ Ffriction=I and �collðtÞ is the ran-
dom force due to collisions with the molecules of the bath.
The wheel is a cylinder parallel to the rotation axis ẑ. Its
base in the plane x̂y [shown in Fig. 1(b) for a generic shape]
can be symmetric or asymmetric for inversion of one of the
two axis (x̂ or ŷ). The two specific shapes taken in consid-
eration here, one symmetric and other asymmetric, are
drawn in Fig. 1(c). The velocities of the molecules are
distributed according to the Maxwell-Boltzmann distribu-
tion, with the only parameter being the ‘‘thermal’’ velocity

v0 ¼
ffiffiffiffiffiffiffiffiffihv2ip

, where v is a component of the velocity vector
on the x̂y plane. The molecular bath is also characterized
by its number density n. The main parameter for the
collision between the wheel and the molecules is the total
cross section �. The collision rule, given in detail in the
Supplemental Material [28], conserves total angular mo-
mentum and may dissipate part of the total kinetic energy,
according to the value of the restitution coefficient � 2
½0; 1�. We will show that our model exhibits the ratchet
effect even in the case of fully elastic collisions (� ¼ 1),
and even if the viscous force is removed (�a ¼ 0). The
choice of a more general (possibly inelastic) collision rule
and the presence of a weak viscous damping is necessary to
account for the results of the granular experiment described
below. For consistency with the experiment, the viscous
force (if present) is assumed to be small enough that
�aj!j � � for most of the values of !.

When the range of interactions with the molecules is
short enough (as in the hard-core case), only two time
scales are relevant in the system: (i) the mean stopping
time due to environmental dissipation, dominated by

Coulomb friction, �� ¼ hj!jipc
� � �v0

RI�
, where h�ipc denotes

a postcollisional average, RI ¼
ffiffiffiffiffiffiffiffiffiffi
I=M

p
is the radius of

inertia and � ¼ ffiffiffiffiffiffiffiffiffiffiffi
m=M

p
; (ii) the mean free time between

two collisions �c � 1
n�v0

. We therefore use as the main

control parameter

��1 ¼ �n�v2
0ffiffiffi

2
p

�RI�
� ��

�c
; (2)

which is an estimate of the ratio of those two time scales, as
verified by simulations [28]. As already noticed [23,24],
when ��1 � 1 (�c � ��) the dynamics of the rotator is
dominated by collisions and friction is negligible (frequent
collisions limit, denoted in the following by FCL); in the
opposite limit ��1 � 1 (�c � ��, rare collisions limit,
RCL) the rotator remains most of the time at rest and is
rarely perturbed by collisions acting as independent ran-
dom excitations.

The complex behavior of the model is simplified in the
diluted limit, when molecular chaos can be assumed. With

such an assumption, the probability density function
pð!; tÞ for the angular velocity is fully described by the
following linear Boltzmann equation [23,25,29]

@tpð!; tÞ ¼ @!½ð��ð!Þ þ �a!Þpð!; tÞ� þ J½p;	�; (3a)

J½p;	� ¼
Z

d!0Wð!j!0Þpð!0; tÞ � pð!; tÞfcð!Þ; (3b)

where we introduce the rate Wð!0j!Þ for the transition
! ! !0 and the velocity-dependent collision frequency
fcð!Þ ¼ R

d!0Wð!0j!Þ. The rate Wð!0j!Þ, given explic-
itly for hard-core interactions in Ref. [28] depends on the
velocity distribution of the gas particles, on the restitution
coefficient �, on the rotator cross section, and on the
density of the gas.
A first insight into Eq. (3) is obtained by direct

Monte Carlo simulation [28,30], whose results are summa-
rized in Fig. 2, always keeping �a ¼ 0. The figure shows
the average velocity of the ratchet rescaled by the ideal

‘‘thermal’’ velocity, i.e., h�i ¼ RI

�v0
h!i, for several values

of � and different shapes. Our main, unprecedented, result
is the existence of an average drift, i.e., a motor effect, in
the case of elastic collisions, provided that the shape is
asymmetric (curve with diamond symbols). This effect is
independent of the presence of the viscous damping, which
very weakly affects the results of the simulation. In the
elastic case, the average drift disappears for large ��1,
precisely for �� * �c�

�2, where �c�
�2 is the characteristic

time for thermalization of the probe due to collisions with
the bath [25,31]. Remarkably, the ratchet effect starting
from the RCL increases, in absolute value, when ��1

increases, so that it must go through a maximum. We

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

1/β

-0.002

-0.001

0

0.001

0.002

<
Ω

>

Right (α=0.4)
Right (α=0.8)
Right (α=1)
Symmetric (α=0.4)
Theory

10
-3

10
-2

10
-1

10
0

1/β

10
-6

10
-5

10
-4

10
-3

<
Ω

>
/(

1+
α)

2

FIG. 2 (color online). Simulations under the assumption of
molecular chaos. The rescaled average angular velocity h�i is
shown as a function of ��1. Theoretical expectations in the FCL
and RCL are marked by dashed lines. The lower inset zooms in
the RCL region. Simulations are performed using shapes and
dimensions of Fig. 1(c), � ¼ 10, �a ¼ 0, RI=� ¼ 103, and v0 ¼
100 in arbitrary units (varying n� to obtain a variation of ��1).
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interpret such a maximum as a kind of stochastic reso-
nance: the rotator switches from the ‘‘drift’’ state to the
‘‘rest’’ state on the time scale �� and switches back to the
drift state on the time scale �c. When the two scales
synchronize with each other, the total time spent in the
drift state is maximized, as well as its average velocity.

As demonstrated in previous studies [20,21], in the
inelastic case (�< 1) a ratchet effect survives also in the
FCL: interestingly, it takes different signs with respect to
the RCL. Therefore, the crossover between these two limits
requires the presence of an inversion point.

It is possible to have an analytical account of the two
opposite RCL and FCL limits [23,25]. When the mass of
the rotator is large, � � 1 the FCL is perturbatively
reduced to a Brownian approximation and the average drift
has already been computed [25], giving

h�i ¼ �

ffiffiffiffi
�

2

r
1� �

4
AFCL; (4a)

AFCL ¼ �hg3isurf
hg2isurf

; (4b)

where the asymmetry of the rotator is represented byAFCL

which is 0 for a symmetric rotator; above we have used the
shorthand notation for the uniform average along the pe-
rimeter (denoted as ‘‘surface’’) of the base of the wheel
hisurf ¼

R
surf

ds
S (S being the total perimeter [28]), while

g ¼ r�t̂
RI
; see Fig. 1(b) for an explanation of symbols. This

formula predicts zero net drift either with elastic collisions
(� ¼ 1) or with a symmetric rotator (AFCL ¼ 0), as
expected from symmetry arguments. Most importantly, it
predicts a constant value, as verified in the numerical
simulations. This implies jh!ij � v0 for the dimensional
angular velocity.

The study of the RCL leads to remarkably different
predictions. In such a limit, the dynamics after each colli-
sion event produces an increment of the angular position of
the rotator �
 which depends on the velocity v of the gas
particle, precisely on its projection v ¼ v � n̂, and on the
point of impact represented by its curvilinear abscissa s.

The formula is �
ðv; sÞ ¼ �ð!0Þ !
2
0

2� with !0 ¼
�ð1þ �Þ v

RI

�2g
1þ�2g2

. Following the calculations detailed in

Ref. [28], one obtains the formula for the rescaled average
velocity of the ratchet

h�i ¼ ffiffiffiffi
�

p ð1þ �Þ2��1�2ARCL; (5a)

ARCL ¼
�

�ðgÞg2
ð1þ �2g2Þ2

�
surf

; (5b)

where ARCL ¼ 0 for symmetric shapes of the rotator.
Equation (5) shows that a nonzero drift is achieved for
any value of the restitution coefficient: even in the (ideal)
elastic case, Coulomb friction alone produces the desired
ratchet effect provided that the shape of the rotator is not
symmetric, i.e., that ARCL � 0. Note that the limit

of vanishing dry friction (� ! 0) is singular in formula
(5a), since in the absence of dissipation between collisions
the stopping time becomes infinite, �� ! 1, and the as-
sumption of ‘‘rare collisions’’ breaks down. Equally inter-
esting, the shape factor ARCL, determining the intensity
and drift direction in the RCL, can take opposite sign with
respect to the shape factorAFCL in the FCL formula. This
is precisely the case for our chosen shape; see Fig. 1(c).
Moreover, the magnitude of the drift is predicted to
increase with ��1 as seen in the numerical simulations
for small ��1. This corresponds to jh!ij � v3

0. Both the

predictions for the RCL and for the FCL are superimposed
on the results (elastic and inelastic) of the numerical simu-
lations in Fig. 2, demonstrating excellent agreement in
their respective limits. We remark that if friction is
removed (� ¼ 0) the only ratchet effect is the one pre-
dicted in Eq. (4); i.e., no inversion is observed.
In order to obtain the first experimental evidence of this

newly discovered ratchet effect, we have built a macro-
scopic realization of our model, i.e., a setup where the
thermal bath is replaced by a fluidized granular gas. In
such a setup the collisions are unavoidably inelastic: none-
theless, by tuning the collision frequency, it is possible to
disentangle the two ratchet mechanisms which act in oppo-
site directions, and so demonstrate the newly discovered
effect induced by Coulomb friction. Our setup consists of a
rotator vertically suspended in a granular medium [see
Fig. 3(a)] maintained by an electrodynamic shaker in a
(roughly homogeneous) stationary gaseous regime [15,32].
The statistics of the velocities of the grains, on the rotation
plane, has been verified to be indistinguishable from a
Maxwell-Boltzmann distribution [28]. The shaker per-
forms a vertical sinusoidal oscillation at a frequency of
53 Hz, while the amplitude is varied to explore different
regimes of the system. We stress that the rotator is not in
direct contact with the shaker, it only collides with the
flying grains. Its motion is recorded by an angular encoder
which also supports it through two precision spherical
bearings. Two rotators have been realized to reproduce

FIG. 3 (color online). Real experiment. (a) Experimental
setup. (b) The angular position of the rotator as a function of
time, highlighting the ratchet effect for the asymmetric rotator.
The inset shows an enlargement (10 min) extracted from a
asymmetric (right) experiment. For these experiments the value
of maximum acceleration, normalized by gravity, is 13.
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the two different shapes of Fig. 1(c). The asymmetry of the
latter can be inverted (from left- to right-hand, and vice
versa) simply by turning the rotator upside down. The
amplitude of the shaker oscillation is varied to span a range
of maximum acceleration (in units of gravity acceleration)
between 5 to 20, resulting in a granular thermal velocity v0

ranging between�100 mm=s and�600 mm=s. Details of
the experimental setup and measurement of the parameters
are in Ref. [28].

In Fig. 3(b), we provide some runs demonstrating the
ratchet effect for the asymmetric rotator. A net drift is
evident when a chiral rotator is used. Turning the rotator
upside down results in a reversed direction of rotation. The
symmetric rotator makes a diffusive motion with only a
small drift revealing the presence of some bias due to
imperfections in the rotational symmetry of the setup.
Such a bias affects also the curves pertaining to the asym-
metric rotator and it does not appear to depend on the
rotator’s direction of asymmetry, or absence thereof. The
typical instantaneous velocity of rotators goes from�10�1

to �1 rad=s, much larger than the typical ratchet drift,
which goes from �10�4 to 10�2 rad=s. Such a low
signal-to-noise ratio makes it impossible to determine the
true behavior of the rotator if one monitors its position only
for short times (e.g., less than a few hours), as evidenced in
the inset of Fig. 3(b).

In Fig. 4, we show the average adimensional angular

velocity h�i ¼ RI

�v0
h!i for a set of experiments with asym-

metric and symmetric rotators. The behavior with ��1

strongly resembles that observed in our numerical

simulations (Fig. 2). At ��1 < 1, we measure jh�ij
increasing with ��1, followed by a maximum in the prox-
imity of ��1 � 1 and then by an inversion of direction of
motion. At large ��1, jh�ij increases and finally reaches a
plateau (see the inset of Fig. 4). Even with some quantita-
tive discrepancies, we can claim that our experiment repro-
duces very well the qualitative phenomenology of the
model, including the resonant maximum and the inversion
point, which are both evidence of the presence of the
friction-induced ratchet mechanism. We believe that the
quantitative differences (the real ratchet is faster roughly
by a factor 2 in the RCL and a factor 5 in the FCL) can be
imputed to the many assumptions present in the model, the
most important being molecular chaos and spatial homo-
geneity, hardly controlled in the experiment: indeed non-
equilibrium correlations may well become important at
high collision frequencies [33].
To conclude, our main discovery is the existence of a

minimal ratchet model made of two simple ingredients: a
wheel subject to Coulomb friction and a bath at thermody-
namic equilibrium. Such a model appears even simpler
than the classical Feynman-Smoluchowski model [9].
The observation in the laboratory of a maximum and an
inversion of the ratchet velocity (Fig. 4), due to the cross-
over from the inelasticity-dominated (FCL) to the friction-
dominated (RCL) regime, is a strong experimental
demonstration of the efficiency of this effect. We wish to
remark that, in all previous experimental and theoretical
work on friction-driven ratchets [34–37], the energy injec-
tion was provided by mechanisms different from an equi-
librium bath: our proposal is the first which can be realized
at the micro- and nanoscale in an equilibrium fluid, that is,
without the application of any external field.
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