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Continuing the previous work on the same subject, we study here different two-dimensional Fermi–
Pasta–Ulam �FPU�-like models, namely, planar models with a triangular cell, molecular-type po-
tential and different boundary conditions, and perform on them both traditional FPU-like numerical
experiments, i.e., experiments in which energy is initially concentrated on a small subset of normal
modes, and other experiments, in which we test the time scale for the decay of a large fluctuation
when all modes are excited almost to the same extent. For each experiment, we observe the
behavior of the different two-dimensional systems and also make an accurate comparison with the
behavior of a one-dimensional model with an identical potential. We assume the thermodynamic
point of view and try to understand the behavior of the system for large n �the number of degrees
of freedom� at fixed specific energy �=E /n. As a result, it turns out that: �i� The difference between
dimension one and two, if n is large, is substantial. In particular �making reference to FPU-like
initial conditions� the “one-dimensional scenario,” in which the dynamics is dominated for a long
time scale by a weakly chaotic metastable situation, in dimension two is absent; moreover in
dimension two, for large n, the time scale for energy sharing among normal modes is drastically
shorter than in dimension one. �ii� The boundary conditions in dimension two play a relevant role.
Indeed, models with fixed or open boundary conditions give fast equipartition, on a rather short
time scale of order �−1, while a periodic model gives longer equilibrium times �although much
shorter than in dimension one�. © 2008 American Institute of Physics. �DOI: 10.1063/1.2838458�

This paper concerns the Fermi–Pasta–Ulam (FPU) prob-
lem in dimension two, and should be considered as a con-
tinuation of Ref. 1 in this journal (familiarity with Ref. 1
however, is not assumed). The model studied in Ref. 1 is a
two-dimensional lattice with a triangular cell, overall
hexagonal shape, nearest-neighbors interaction, fixed
boundary conditions; see Fig. 1, where dots denote mov-
ing particles, open circles represent the fixed boundary
particles, and each segment corresponds to an interac-
tion. Particles move in the plane under the influence of a
molecular-type two-body potential, of the form

U„r… = 4U0���

r
�4

− ��

r
�2� , (1)

where r is the distance between particles; in the common
FPU language, this is an “�+�” model. Let n denote the
number of degrees of freedom and �=E Õn the specific
energy; the main result of Ref. 1 that will have a para-
digmatic role in the present paper, is reported in Fig. 2,
where the equipartition time Tn„�… is plotted versus � for
different values of n. [A precise definition of Tn„�… is pro-
vided in Sec. II B; roughly, it represents the time at which
a preassigned “degree of equipartition” is reached, start-
ing from a situation in which only a small fraction of
normal modes are initially excited.] As the figure suggests
(see Ref. 1 and Sec. II C for a detailed analysis), for large

n the curves Tn„�… flatten on a line T�„�…. Moreover, the
line in the log-log scale has slope 1, so for large n one gets
the trivial law

T�„�… = CÕ� . (2)

This means that the large time scales, which are known to
dominate at small � and large n the one-dimensional
problem, in this model disappear. In the present paper we
continue this research in several directions: (i) We extend
the study to other models, differing in particular for the
boundary conditions; as we shall see, the boundary con-
ditions turn out to be (unexpectedly) relevant. (ii) Besides
FPU-like initial states, in which all energy is shared by
only a few modes, we also consider states close to equi-
partition, and measure the time scale at which some large
fluctuation of the energy of the normal modes, with re-
spect to equipartition, is readsorbed. (iii) To show more
clearly and quantitatively the differences between dimen-
sions one and two, we add a comparison with a one-
dimensional model having exactly the same potential. On
the whole, these results show, in our opinion, that the
FPU problem, in dimension two, is substantially different
than in dimension one, and moreover, the phenomenology
looks model-dependent in a more essential way.a�Electronic mail: benettin@math.unipd.it.

b�Electronic mail: gradenigo@science.unitn.it.
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I. INTRODUCTION

A. Motivation

After the pioneering paper by Fermi, Pasta, and Ulam,2 a
huge amount of work has been devoted to the FPU problem,
namely the problem of the energy equipartition among nor-
mal modes, or more generally the problem of the dynamical
foundations of the common assumptions of classical statisti-
cal mechanics, in a weakly nonlinear lattice. The literature,
in more than 50 years, is so abundant, that it is not conceiv-
able to provide here even a poor account of it. For an up-
dated “state of the art,” including all the relevant references,
we defer to the papers collected in Refs. 3 and 4. We stress
however that most of the work concerns one-dimensional
models, while only a few papers concern higher dimension.
�The old literature includes, to our knowledge, Refs. 5–8.

Such studies, however, are performed with poor means com-
pared to the possibilities nowadays, and do not appear to
provide much help for the questions we are addressing here.
More recent studies in dimension higher than one are de-
voted to the thermal conductivity9 and to the specific heat,10

questions that we do not discuss here.�
Although there is no complete agreement in the litera-

ture, the following “one-dimensional scenario” seems to be
rather well established �see, in particular, Refs. 11 and 12
and, for comments, the reviews in Refs. 13 and 14�:

�i� On a first short time scale the energy, which was ini-
tially concentrated in a few modes, is spread among a
larger group of them, naturally producing a “packet”
of energy-sharing modes.

�ii� The situation �the packet� is metastable and evolves
very slowly towards equipartition, requiring for this
quite a long time scale. �The idea that two well sepa-
rated time scales enter the problem, and specifically
the idea of metastability, goes back to Refs. 15 and
16. After other relevant contributions like Ref. 17, the
phenomenon was reconsidered and strongly empha-
sized, also, in view of possibly important physical
consequences, in a series of papers by the group
working in Milano, among them Refs. 11 and 12. For
a more complete account, see the above quoted
reviews.13,14 In fact, the idea that different mecha-
nisms govern the initial spreading of energy among
low modes and later on, possibly, the energy distribu-
tion to all modes, goes back to the early papers on
FPU; see, for example, Refs. 18 and 19, and refer-
ences therein.� The particularly accurate computations
in Ref. 12 concerning the �-model, indicate that the
equipartition time grows as a stretched exponential of
the specific energy �, namely,

T 	 exp 1/�1/4. �3�

As is quite important in view of a physical interpreta-
tion, the number of degrees of freedom, if sufficiently
large, is irrelevant, so the scenario persists in the ther-
modynamic limit.

A different behavior was found in Ref. 1 for the two-
dimensional hexagonal model exhibited in Fig. 1: intermedi-
ate metastable states are apparently absent, while equilibrium
times, as already remarked in the leading paragraph, are sub-
stantially shorter. For large n, Tn��� converges to the trivial
law T���� given by Eq. �2�. After that, Carati and Galgani
�private communication, 2005� made a few computations on
a two-dimensional model with the same potential as in Ref.
1, but with the shape of a parallelogram and periodic rather
than fixed boundary conditions; see Fig. 3, left. They ob-
served, for certain values of n and �, equipartition times
longer than in Ref. 1 and suggested to us to study in a more
systematic way, the FPU problem in dimension two, includ-
ing their model in the study. This is indeed the origin of the
present paper. Here we consider the periodic model intro-
duced by Carati and Galgani, as well as a similar model with
the same shape of a parallelogram, but with fixed boundary
conditions; several computations have been also repeated on

FIG. 1. The hexagonal lattice. Dots: moving particles. Open circles: a bor-
der of fixed particles. Each line connecting nearest-neighboring sites repre-
sents an interaction.

FIG. 2. The equipartition time Tn��� vs �−1, in the log-log scale, for the
hexagonal model, for different values of n. Initial data: energy equidistrib-
uted among 10% of the modes of lowest frequency. n increases, left to right,
from 434 to 6338.
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a model with free boundary conditions as well as on a peri-
odic model, containing however a macroscopic obstacle,
namely, a line of fixed particles occupying one half of the
minor diagonal �Fig. 3, right�. We restricted the attention to
models with equal sides. Most computations concern “FPU-
like” initial conditions very far from equilibrium, all of the
energy being initially concentrated in a small fraction �10%�
of the normal modes, either in the lowest or in the highest
part of the spectrum. Some computations however concern
states close to equilibrium, see Sec. III. For a better under-
standing of the difference between dimension two and one,
we also studied, although not systematically, a one-
dimensional model with the same potential equation �1�.

B. The frequency spectrum of the considered
models

All the models we studied have nearest-neighbors inter-
action; the Hamiltonian is

H�r1, . . . ,rN,p1, . . . ,pN� = 

i=1

N
�pi�2

2m
+ V�r1, . . . ,rN� �4�

with

V�r1, . . . ,rN� = 

i,j

�nn�U��rj − ri�� ,

the two-particle potential U�r� as in Eq. �1�; the sum extends
over all pairs of nearest-neighboring particles. The derivative
U� vanishes at �=�2� and as is typical, such a distance has
been taken as the lattice size �no pressure at equilibrium�. We
used �, m, and U0 in Eq. �1� as units, respectively, of length,
mass, and energy, and consequently ��m /U0 as the time
unit. For all models but the periodic one, the frequencies
�1 , . . . ,�n of the normal modes, as well as the n�n matrix
W of transformation from particles to modes, have been
computed numerically by diagonalizing the Hessian matrix
of V. �We are not aware of any method to compute such
quantities analytically.� For the periodic model instead the
analytic computation is possible. For this model we made
both the numerical and the analytic diagonalization �for the
latter see the Appendix�, checking that the results are identi-
cal up to the numerical round-off. For all models, modes are
ordered by increasing frequency �only in the periodic case
modes are plane waves, and could be identified by a two-

dimensional wave number and a polarization�.
The frequency spectra of all two-dimensional models are

found to be almost identical, see Fig. 4 �the value of n are
2522 for the hexagon and 3200 for all of the other models; n
however turns out to be practically irrelevant�. For compari-
son, the spectrum of the one-dimensional model with the
same potential equation �1�, is also drawn in the figure. Let
us stress that the quantity reported in the figure is just �k

versus k /n, not to be interpreted as a dispersion relation �in
dimension two, k is just a counter�, but as the inverse of the
function k��� giving the number of modes up to a given
frequency �the integral of the density of states�; the fact that
all curves in dimension two practically coincide indicates
that the density of states is independent of the model. The
difference with respect to dimension one is relevant in the
lower part of the spectrum, which in dimension two is not

FIG. 3. Left: the parallelogram-shaped model, with periodic boundary conditions. Right: a similar periodic model, with however a line of fixed particles �open
circles� occupying one half of the minor diagonal.

FIG. 4. The bunch of upper curves: �k vs k /n for the hexagonal model �n
=2522� and for the four parallelogram-shaped models, with periodic, fixed,
free and periodic with obstacle boundary conditions �n=3200�. Lower
curve: the same quantity for a one-dimensional model with the same poten-
tial U�r�.
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linear �it is close to a square root�, and also in the upper part
of the spectrum, which is not flat. So, passing from dimen-
sion one to two the resonance properties are modified in an
important way.

C. A short account of the main result

In the very essence, our main result can be summarized
as follows:

�i� In none of the two-dimensional models we have con-
sidered, there is evidence of intermediate metastable
states, or more generally of the presence of more than
one time scale in the problem. The process of energy
sharing from the initially excited modes to all modes
is gradual, and involves rather uniformly all frequen-
cies.

�ii� All models but the periodic parallelogram �without
obstacle� behave, also quantitatively, exactly as the
hexagonal model. For all of them the equilibrium
times Tn��� �see Sec. II B for the precise definition of
Tn� approach for large n a line T���� given by Eq. �1�;
as is remarkable, not only the �-dependence, but also
the constant C is practically the same for all such
models.

�iii� For the periodic parallelogram, the behavior is less
clear. Equilibrium times are indeed larger than in the
other two-dimensional models, but not much larger,
and definitely much smaller than in dimension one. It
should also be mentioned that, at the largest value of n
we have been able to work with, namely n=28 800,
the large n asymptotics is not yet reached; Tn��� still
decreases by increasing n. An asymptotic analysis,
however, suggests a possible asymptotic law of the
form T����	�−5/4.

D. The organization of the paper

This paper is organized as follows: in Sec. II, which is
the bulk of the paper, we deal with FPU-like initial condi-
tions far from equilibrium, and explain in detail our results
concerning the absence of metastability and the time scale
for equipartition of the different models, with emphasis on
the large n asymptotics. Section III contains instead a study
of the equilibrium times for initial conditions close to equi-
partition, as well as some concluding remarks. The Appendix
is devoted to the analytic computation of the frequency spec-
trum for the periodic model.

II. RESULTS FOR THE FPU-LIKE INITIAL DATA

A. The search for metastability

There are several methods, in dimension one, to make
evident the formation of metastable states, i.e., states in
which only some of the normal modes do appreciably share
energy �see, in particular, Refs. 12 and 13�. A simple way,
which in our opinion provides quick qualitative evidence,
consists of looking at the spectrum of the averaged energies
of the modes �what follows is nothing but a poor imitation of
the “movies” we could see in Milano�:

Ēk�t� =
1

t


0

t

Ek�t��dt�

�with obvious meaning of Ek�t��, at different times. Figure 5

�left� shows in the semilog scale the ratio Ēk�t� /� versus k /n,
for the one-dimensional model with n=1023, at �=5�10−4,
for times growing roughly in geometric progression. Initially
the energy was equidistributed among the lowest 10% of the
modes, with random initial phases. �The role of the initial
phases for FPU-like initial conditions, in dimension one,
turns out to be crucial.20� One can observe that rather soon

FIG. 5. The energy distribution among normal modes in dimension one, n=1023, at different times. Left: �=0.5�10−3; right: �=10−4. Times, left to right:
102, 3.2�103, 105, 3.2�106, 108.
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�t=100, or slightly more� a well defined energy profile is
formed, with a packet of energy-sharing modes followed by
an exponential tail. The situation �the energy profile� remains
nearly unchanged for a rather large time scale, much larger
than the time needed to form the profile; after that the system
slowly evolves towards equipartition, the high-frequency
modes being also progressively involved in the dynamics.
�The curves in the figure are a little smoothed; each point is
indeed the average of a few nearby points.� The right panel
of the figure shows the same phenomenon, for the same
model, at lower �=10−4; the stability of the energy profile
now extends to larger times. By further decreasing �, one
would observe an apparently perpetual freezing of the pro-
file, after the formation of the packet. Increasing n, does not
appreciably modify the figures; n=1023 already represents
the asymptotic behavior.

Figure 6 shows the corresponding phenomenon in di-
mension two, for the periodic model �left� and the hexagonal
model �right�. Quite clearly, the behavior is qualitatively dif-
ferent; there is no rapid energy sharing with any packet of
modes, and no exponential tail, while all modes progres-
sively enter the game, more or less to the same extent �look
in particular at the jump of the curves at k /n=0.1, which is
not smoothed until the largest times�.

A reliable indicator of the uniformity of the energy dis-
tribution among modes, is provided by the so-called “effec-
tive number of degrees of freedom” neff,

23,24 defined by

neff�t� = exp ��t� , �5�

where ��t�, called spectral entropy,21,22,29 is in turn defined
by

��t� = − 

k=1

n

Pk�t�log Pk�t�, Pk�t� =
Ēk�t�


 jĒj�t�

�for a comment on the use of the time averages of the ener-
gies computed from t=0, rather than on a shorter window,
see Sec. III B, point iv�. The presence of two well separated
time scales in the one-dimensional dynamics is very evident,
if one looks at the time behavior of neff. Figure 7, left, shows
neff�t� versus t for n=1023 and �=10−3, 5�10−4, 10−4, with
energy initially equipartitioned among the lowest 10% of the
modes. �The last two curves refer to the same runs as in Fig.
5.� The creation of the metastable state is evident by a quick
formation of a plateau, which then resists for quite a long
time, before the whole system moves towards equipartition.
The corresponding curves for the parallelogram with peri-
odic boundary conditions are exhibited in the right part of
Fig. 7. Quite clearly, only one time scale is now visible: the
two-dimensional systems do evolve in a very progressive
way from the initial state to equipartition.

Very similar results are found for all the two-
dimensional models we have considered. Such results indi-
cate rather clearly, in our opinion, that the formation of a
metastable intermediate state is peculiar of dimension one
�although other two-dimensional models, see the concluding
remarks in Sec. III B, could behave differently�. Let us also
observe that a theoretical description of the formation of
metastable states in dimension one, based on the use of the
KdV equation as a model, to a certain extent, for FPU, does
exist,25–27 but it profits in an essential way of the peculiarities
of dimension one �including the almost linearity of the lower
part of the frequency spectrum�. It is worthwhile to remark,
however, that in a very recent paper28 the notion of metasta-
bility has been reconsidered, and applied to states close to

FIG. 6. The energy distribution among normal modes in dimension two, at different times. Left: periodic model, n=12800, �=2.8�10−5; times, bottom to top:
3�102, 104, 3.2�106, 8.2�106. Right: hexagon, n=6338, �=10−5; times, bottom to top: 102, 103, 104, 3�105.
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equilibrium, via the observation of the time correlation of the
energies of the normal modes. Whether such a reinterpreta-
tion of the notion of metastability can modify the perspective
in dimension two, is in our opinion an open question which
deserves further investigation.

B. The equipartition times

In this subsection, which is the core of the present paper,
we study the equipartition time Tn��� as a function of � and
n, for the different two-dimensional models we have consid-
ered. The definition we use of the equipartition time is the
same we used in Ref. 1. We simply look at the time at which
neff�t�, defined as in Eq. �5� and shown in Fig. 7, attains the
�conventionally chosen� threshold 0.6, midway between the
initial value and one. The already commented Fig. 2, taken
from Ref. 1 shows Tn��� versus 1 /�, in log-log scale, at
different n, for the hexagonal model. A detailed analysis of
the individual curves, and specifically of the way in which
curves flatten, by increasing n, on the line drawn in the fig-
ure, is reported in Ref. 1. What is relevant is that, by increas-
ing n, a limit behavior T����, virtually representing the eq-
uipartition times in the thermodynamic limit, apparently
exists, and since the line has slope one, it is the short time
equation �2�. By the way, in the microscopic time units we
are here using �look at the scale of frequencies in Fig. 4�, the
constant C is also close to one.

The four panels of Fig. 8 show the corresponding behav-
ior of Tn��� for the parallelograms with, in the order, peri-
odic, fixed, free, and periodic with obstacle boundary condi-
tions. For comparison, the line appearing in Fig. 2,
representing T���� for the hexagon, has been drawn in each
panel. Quite clearly, all models but the periodic one �first
panel� behave exactly as the hexagonal model, with a trivial
asymptotic law of the form �2�, and moreover with nearly the

same constant C. For the periodic model instead times are
larger, and this deserves a further investigation.

In Fig. 9 we reported the last curves, i.e., the curves
corresponding to the largest n we could work with, for the
periodic model and for the parallelogram with fixed bound-
ary conditions; for comparison, we also reported a few val-
ues of Tn��� for the one-dimensional model with n=511,
1023, 2047, and 4095. �Quite clearly, in dimension one the
value of n is irrelevant, in agreement with Ref. 12.� The
figure shows that at the small but still reasonable value �
�0.3�10−3 �recall that the depth U0 of the potential well of
the potential equation �1� is one�, Tn for the two considered
two-dimensional models differs only by a factor 3.5, while
the corresponding Tn for the one-dimensional model is larger
by a factor 2.5�104. To get, in dimension two, a ratio of
equipartition times as large as 40, � must be lowered to 10−5.
In these conditions, for a model with 28 800 degrees of free-
dom, the total energy E is only 0.28, three tenths of the
potential well of a single link in the model. It is hard to
believe that such a range of energies can be of physical in-
terest.

C. The large n asymptotics: An attempt

Apart from the above rough quantitative considerations,
we made an attempt to understand the asymptotic behavior
of Tn��� for large n, looking for a curve T����, for the dif-
ferent models. A similar analysis has been already performed
in Ref. 1 for the hexagonal model. Here we add some scaling
considerations, which will be relevant for the subsequent dis-
cussion concerning the periodic model.

In view of the asymptotic law T����	1 /�, it is interest-
ing to look at the rescaled quantity f�n ,��=�Tn���, which
represents the deviation from the asymptotic law due to the
finite size of the system. Figure 10, left, shows the result.
Now it is rather clear that curves superimpose, if we translate

FIG. 7. The time evolution of the effective number of degrees of freedom neff, when energy is initially equipartitioned among the lowest 10% of modes, in
dimension one �left� for n=1023 and �=10−3, 5�10−4, 10−4, and in dimension two �right� for the parallelogram with periodic boundary conditions, n
=12 800, �=2.5�10−4, 8�10−5, 2.8�10−5.
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to the left the curves with higher n. As a matter of fact, a
good superposition is obtained, see Fig. 10 right, if in place
of � we use as variable �n	, with 	=7 /4 �	=3 /2 or 2 give
definitely worse results�. This suggest that f�n ,�� is in fact a
function of the single variable �n	,

f�n,�� = F��n	� , �6�

the n-independent function F has the profile exhibited in the
right panel of Fig. 10. The overall behavior of Tn is corre-
spondingly

Tn��� =
1

�
F��n	�, 	 � 7/4.

For fixed � and large n, F converges quite fast to a constant
C, and correspondingly Tn converges fast to T�=C /�.

Let us come to the periodic model, and look carefully at
its curves Tn���. First of all, Fig. 11 left panel, shows that for
not too small �, the curves, in the log-log scale, are well
interpolated by a line. The line represented in the figure has
slope 
=5 /4; a least-squares fit gives indeed 1.25�


FIG. 8. Tn��� vs 1 /�, in the log-log scale, for the different parallelogram-shaped models, with �left to right, top to bottom� periodic, fixed, free, periodic with
obstacle boundary conditions.
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�1.27 �three std. deviations�, and 5 /4 has been chosen for
aesthetic reasons. On the opposite side, in the region of small
�, the curves turn out to be well fitted by a stretched
exponential

Tn��� � cn exp��n/��1/8, �7�

see Fig. 11, right. This resembles the stretched exponential
law �3� occurring in dimension one12 for the �-model, apart
from the different exponent. �Such a difference should not be
a surprise. The exponent 1 /8 is expected to appear in dimen-
sion one, too, for an � or �+�-model �A. Ponno, unpub-
lished�. Basically, in an �-model �� replaces � everywhere.�
However, at variance with dimension one, cn and �n con-
verge to nonvanishing limit values for large n, thus giving in
the limit the exponential law �3�. Here instead, up to the
maximal n=28 800 we could explore, there is no indication
of a similar convergence. How do the two different behaviors
match? An obvious possibility to be considered is that simi-
lar to the case of fixed boundary conditions, the different
curves Tn��� flatten, for large n, onto the above considered
line with slope 
=5 /4. To exploit such a possibility, we tried
to make for this model a convenient scaling analysis. This
time we write Tn���=�−
f�n ,��, and proceed as above. We
try to find a value of 	, such that Ref. 6 holds. A satisfactory
result is obtained for 	=5 /4, see Fig. 12 �	=1 as well as
	=3 /2 definitely give worse results�. This suggests for the
periodic model the behavior

Tn��� =
1

�5/4F��n5/4�

and the corresponding asymptotic behavior for large n is

T���� =
c

�5/4 .

FIG. 9. Tn��� vs 1 /� for the parallelograms with periodic boundary condi-
tions �n=28 800� and fixed boundary conditions �n=12 800�, and for the
one-dimensional model �n=511,1023,2047,4095�. Some ratios of times at
the same �, and a ratio of values of � at the same time, are indicated in the
figure.

FIG. 10. �Tn���, for the hexagonal model, as a function of 1 /� �left� and of 1 / ��n	�, 	=7 /4 �right�.
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D. Equipartition times, high-frequency modes

Although the most commonly used FPU-like initial con-
ditions are those in which the modes of lowest frequency are
excited, we decided to repeat most experiments, initially giv-
ing energy to high-frequency modes, more precisely to 10%
of the modes with 0.85�k /n�0.95. The results do not

change in a significant way. Figure 13 left, shows Tn��� for
the periodic model; the dashed line is the line with slope 5 /4
which appears, as the possible asymptotic behavior, in the
left panel of Fig. 11. Quite clearly, the qualitative behavior is
the same; equipartition times are just a little reduced. The
right panel of Fig. 13 refers instead to the corresponding
model with fixed boundary conditions. Here too, the dashed
line is the asymptotic line T����, when low modes are ini-
tially excited. The difference is clearly minor. The finite-size
effect, for fixed boundary conditions, is almost negligible,
apart from the smallest model with n=1250.

III. FURTHER RESULTS AND CONCLUDING REMARKS

A. Initial data close to equilibrium

In recent years, several papers have been devoted to the
study of the FPU problem with initial conditions already
close to equipartition. The basic idea is to look at fluctuations
of some relevant quantities, such as the kinetic energy of the
particles,29 the energies of the normal modes or groups of
them,30,10 or the energy of the whole system in a thermal
bath;31,32 the already quoted Ref. 28 also follows this line of
thought.

We did not study the question in a systematic way, but
made only a few simple experiments, to get a preliminary
indication of what happens in our models near equilibrium,
whether the behavior exhibited in connection with the FPU-
like initial conditions gets confirmed or not. We restricted the
investigation to two models, namely, the parallelograms with
either periodic or fixed boundary conditions. For compari-
son, however, we repeated the computations in the one-
dimensional model. We proceeded as follows: we divided the
normal modes into two groups, the low-frequency and the

FIG. 11. Attempts to fit the large-� behavior with a power law �left�, and the small-� behavior by a stretched exponential �right�, for the periodic model.

FIG. 12. The rescaled time �
Tn��� vs 1 / ��n	�, 
=	=5 /4, in the log-log
scale, for the periodic model.
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high-frequency ones, each group containing the same num-
ber of modes. We took two �inverse� temperatures �l and �h,
respectively, for the low and the high group, with �l larger
than �h by 20%, and randomly extracted the energy of the
mode k with the Gibbs probability exp �lEk or exp �hEk,
depending on k. The energy per degree of freedom �, in this
way, is not fixed. However, thanks to the large number of
degrees of freedom, the fluctuations are negligible, and � in
all samples of random extraction we made, was very close to
the average value �̄ corresponding to the chosen tempera-
tures.

For each initial condition, we let the system evolve, and
observed the time behavior of the energy difference E, nor-
malized to the initial value E�0�. As a matter of fact, the
behavior of E does not depend too much on the specific
initial condition; to have cleaner curves, we made an average
on 10 or 15 random extractions.

For dimension two, we chose �l, �h in such a way that �̄
had the rather small value 10−5; for dimension one, we used
instead the much larger value �̄=10−3, otherwise the decay of
E is too slow to be observed. Figure 14 shows the result.
The curves on the right refer to the one-dimensional model.
Quite clearly, E decays immediately, in a time shorter than
100, from 1 to 0.95; then one observes a long plateau, and
only on the much larger time scale T�107, E decays sig-
nificantly towards zero. The metastability is clearly at work.
The different curves correspond to three different values of
n, namely n=3 200, 7 200, and 9 800; once more, in dimen-
sion one n turns out to be irrelevant �the curves, as they
appear in the figure, are not even ordered with n�.

The curves on the left side of the figure refer to the
model with fixed boundary conditions. The values of n are

3 200, 7 200, 12 800; the times of decay are clearly much
shorter, say by a factor 103, in spite of the fact that �̄ is 100
times smaller. Finally, the intermediate curves �dashed lines�
refer to the two-dimensional model with periodic boundary
conditions. The times are clearly larger with respect to the
fixed boundary conditions, but decrease by increasing n; the
curves are indeed ordered, top to bottom, by increasing n.
The values of n are 3 200, 7 200, 12 800, 20 000, 28 800.

FIG. 13. The equipartition time Tn��� vs 1 /�, in the usual log-log scale, for the parallelogram with periodic �left� and fixed �right� boundary conditions. The
dashed lines represent the asymptotic behavior T����, previously found for initial excitations on low modes �slopes 5 /4 and 1, respectively, for periodic and
fixed boundary conditions�.

FIG. 14. The decay of the ratio E�t� /E�0� vs t, for the parallelogram with
fixed boundary conditions at �̄=10−5, for n=3 200,7 200,12 800 �solid
curves on the left�; the same quantity for the periodic model at �̄=10−5, for
n=3 200,7 200,12 800,20 000, 28 800 �dashed curves, ordered right to left�
and for the one-dimensional model at �̄=10−3 �100 times larger�, for n
=3 200,7 200,9 800 �solid curves on the right�.
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We plan to further study this problem �with attention at
the specific heat� in the near future. Although preliminary,
however, these results provide, in our opinion, a convincing
indication that considering initial data close to equipartition
does not change very much, at least qualitatively, the behav-
ior of the different systems.

B. Some remarks

�i� The first spontaneous question �actually raised by sev-
eral colleagues we discussed with� is: How is it pos-
sible that the boundary conditions are so important,
for large models? Indeed, Statistical Mechanics tells
us that, apart from special situations like symmetry
breaking in phase transitions, in the thermodynamic
limit they should be irrelevant. In our opinion, this is
an incomplete way to raise the question. The thermo-
dynamic limit is indeed the limit of a macroscopic
object. But the time scale one is looking at, should
also be macroscopic, i.e., a double limit is necessary.
If one first fixes the time, and for fixed time lets the
diameter of the model to get large, then boundary
conditions should be irrelevant. But in such a case,
one is simply observing local phenomena that is not
very interesting. If instead length and time both go to
infinity in such a way that time is always �much�
larger than the typical time needed for a wave to
travel across the model, and wrap up around it or
bounce from wall to wall, then it should be not sur-
prising that boundary conditions are possibly impor-
tant.

�ii� For small �, all the FPU models we have been dealing
with are nearly integrable. If we pass to the normal
modes coordinates Pk ,Qk, rescaled with �� so that the
domain of the Q is �-independent, then the Hamil-
tonian gets the form

H�P,Q� = 1
2


k=1

�

�Pk
2 + �k

2Qk
2� + ��V3�Q� + �V4�Q�

+ ¯ ,

where Vl is a homogeneous polynomial of degree l in
Q1 , . . . ,Qn. Any difference in the dynamical behavior
of the models should come from recognizable differ-
ences in V3 and possibly in the other terms. The form
of V3 is well known in dimension one, while its coef-
ficients can be studied numerically for all models in
dimension two. A paper devoted to this subject is in
preparation.33 It is perhaps worthwhile to announce
here that the correspondence between the structure of
V3, as described in Ref. 33 and the dynamics of the
different models, is rather strict.

�iii� All of the two-dimensional models we have consid-
ered here have a triangular cell. This is indeed the
natural lattice structure, giving the closest-packing,
for short-range potentials like Eq. �1�. Triangular lat-
tices are similar, in this respect, to the face-centered
cubic models in dimension three. Models with the tri-
angular cell are stable, even if one adds, for example,

second-neighbors interaction, while models with the
square cell are not, if the side of the lattice is larger
than a few units. A further reason to avoid squared
models, is their spectrum of frequencies. Indeed in
normal conditions, that is with negligible pressure, the
frequencies of an L�L model with square cell are the
same of a one-dimensional model of length n=L, each
frequency having multiplicity 2L. Such a situation
looks somehow unnatural. Adding pressure so as to
remove the degeneracy, seems even more unnatural.
This is why, as in Ref. 1, we decided to restrict the
attention to triangular lattices. There is a good chance,
however, that models with square lattice, and perhaps
a different potential so as to avoid instability, behave
differently from models with triangular lattice,33 and
are instead more similar to one-dimensional models.
This would correspond to an even stronger lack of
universality in the two-dimensional FPU problem.

�iv� A final comment concerns the procedure we used
�Sec. II A� to define neff, and through it the equiparti-
tion time Tn���. For this we made reference to the

time averages Ēk�t� of the energies of normal modes,
computed from t=0; an alternative procedure would
be computing the averages on a running window. A
distinction here looks necessary. If the window size,
although shorter, is of the same order of the overall
time �for example, one third of it�, in particular it
grows for small �, then no essential difference is ex-
pected. Fluctuations are averaged out, and ergodicity,
if any, still results in equality of averaged energies of
modes, i.e., neff=n; the only expected difference is
that neff�t� grows a little faster. If instead the size of
the window is substantially smaller, say smaller than
the typical correlation time of the fluctuations of the
energies, then fluctuations are not averaged out, and
the eventual state, even in the case of ergodicity, is not
equipartition, but the presence of fluctuations, in the
energy spectrum, of a standard size. This is the way
chosen in Refs. 23 and 12. It is conceptually better,
but it requires us to compensate for the lack of statis-
tics due to the short averaging window, a further av-
erage on several initial data, and so it is definitely
heavier from the computational point of view. Such a
procedure appeared prohibitive to us, and not really
necessary. Quite clearly, details could change, but the
difference we observed between dimensions one and
two is too substantial, to believe it is possibly due to
the averaging technique.

C. Technical remarks on the numerical methods

All numerical integrations have been performed by a
symplectic splitting algorithm of order four. Details can be
found in Ref. 1. In the very essence, let us use, for the
Hamiltonian equation �4�, the compact notation H=K+V; the
map
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�� = �K
�/2 � �V

� � �K
�/2,

where � is the integration step and �K
t , �V

t denote the Hamil-
tonian flows of, respectively, K and V, is well known to be a
symplectic algorithm of order two. If, as in our case, K de-
pends only on the momenta and V only on the coordinates,
�� is nothing but the common leapfrog. A splitting algorithm
of order four is obtained by conveniently composing three
algorithms of this form, namely,

�� = �c�� � �c�� � �c��,

with

c� =
1

2 − 21/3 , c� = 1 − 2c� = −
21/3

2 − 21/3

�see for the theory Refs. 34 and 35�. We used this algorithm,
with typically, for dimension two, �=0.08, as in Ref. 1. We
checked that the results are stable by dividing � by a factor 2
or 4. For dimension one, �=0.08 turns out to be a little too
large, and to obtain stable results we had to reduce the time
step to �=0.04. Such a difference is not surprising. Indeed,
the one-dimensional model, as we have seen, is “more inte-
grable” than the two-dimensional ones, and for this reason,
in our opinion, it needs to be treated numerically in a more
delicate way.

Concerning the numerical diagonalization of the Hessian
matrix of the potential V, we used as in Ref. 1 the routines of
the Math Kernel Library associated with the Intel Fortran
Compiler. Due to the nearest-neighbor interaction, the Hes-
sian matrix A is sparse. We diagonalized matrices up to
28 800�28 800, checking after diagonalization that Au
−�u=0 within the round-off �in place of zero, we find a
number of the order 10−14�. For the periodic model, for
which the analytic diagonalization is possible, we verified
that the analytical and the numerical diagonalization give
�within the round-off� the same spectrum and the same
eigenvectors, up to degeneracy.
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APPENDIX: ANALYTIC DIAGONALIZATION
OF THE PERIODIC MODEL

Let us consider a periodic lattice L as in Fig. 3 left, of
possibly different sides L1 and L2, generated by the pair of
vectors

a1 = ��1,0�, a2 = ��1

2
,
�3

2
� ,

i.e.,

L = �x = l1a1 + l2a2, 0 � l1 � L1, 0 � l2 � L2� .

Denoted by qx�R2 the displacement from x of the particle
having x as the equilibrium position. The linearized equa-
tions of motion we are confronted with, can be written in the
form

q̈x = �2

j=1

6 �aj

�
· �qx+aj

− qx��aj

�
,

where

�2 =
U����

m
=

8U0

m�2

and a1 , . . . ,a6 are the vectors connecting the lattice site x to
the neighboring ones, namely, a1, a2 are as above, a3

=a2−a1 and ai+3=−aj, j=1,2 ,3; the dot denotes the usual
scalar product.

The reciprocal lattice K is generated by the reciprocal
base b1, b2 such that bi ·aj =2� /Lj
ij, namely,

b1 =
2�

L1�
�1,−

1
�3

�, b2 =
2�

L2�
�0,

2
�3

�;

precisely it is

K = �� = k1b1 + k2b2, 0 � k1 � L1, 0 � k2 � L2� .

The rather standard procedure of diagonalization �see,
for example, Ref. 36� is based on the search of solutions in
the form of plane waves, for example, using the complex
form,

qx�t� = uei��·x−�t�, � � K ,

with suitable amplitude u and frequency �. By inserting this
expression in the equations of motion the rhs assumes the
form

�2

�2 

j=1

3

ei��·x−�t��ei�·aj + e−i�·aj − 2��u · aj�aj;

after trivial work one is then led, for each ��K, to the
two-dimensional eigenvalue equation

A���u = �2u ,

where A��� is the linear operator acting on u as

A���u =
4�2

�2 

j=1

3

Sj����u · aj�aj ,

having denoted

Sj��� = sin2
� · aj

2
, j = 1,2,3.

In coordinates, A is the matrix
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A =�S1 +
1

4
S2 +

1

4
S3

�3

4
�S2 − S3�

�3

4
�S2 − S3�

3

4
�S2 + S3� � .

For each ��K one finds two eigenvalues

��
2 ��� = 2�2�S1 + S2 + S3

� �S1
2 + S2

2 + S3
2 − S1S2 − S1S3 − S2S3� ,

Sj = Sj��� .

This is the dispersion relation of the model. The correspond-
ing eigenvectors u���� provide, for each k, the two polariza-
tions of the wave. The maximum in the above expression is
attained when two of the Sj’s are 1 and the third vanishes; for
�, m, and U0 taken as units, it is �max=�48�6.9.

Figure 15 provides a three-dimensional graph of the dis-
persion relation, for L1=L2=40. Three maxima �pay atten-
tion to the periodicity� are clearly present, in the upper
branch. Both branches are acoustic, namely touch the zero. If
instead the frequencies are ordered by increasing values, they
assume the profile exhibited in Fig. 4.

It is an easy matter to pass from plane waves to normal
modes, and work out in particular the matrix of the passage
from the particles to the modes coordinates. We skip the
details.
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